
常用数学公式

区艺锋

1 曲线坐标系

1.1 变量定义与基矢方向
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1.2 有向线元与体元

对于一般的曲线坐标系来说，有向线元和体元的表达式为

dr = h1du1e1 + h2du2e2 + h3du3e3

dV = h1h2h3du1du2du3
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在直角坐标系中

u1 = x , u2 = y , u3 = z

h1 = 1 , h2 = 1 , h3 = 1

在柱坐标系中

u1 = r , u2 = φ , u3 = z

h1 = 1 , h2 = r , h3 = 1

在球坐标系中

u1 = r , u2 = θ , u3 = φ

h1 = 1 , h2 = r , h3 = rsinθ

2 高斯公式和斯托克斯公式

高斯公式 ‹
∂Ω

f · dS =

˚
Ω

(∇ · f)dV

斯托克斯公式 ˛
∂Σ

f · dl =
¨

Σ

(∇× f) · dS

3 梯度、散度、旋度与拉普拉斯算符

3.1 通式

梯度

∇ψ =
1

h1

∂ψ

∂u1
e1 +

1

h2

∂ψ

∂u2
e2 +

1

h3

∂ψ

∂u3
e3

散度

∇ · f =
1

h1h2h3

[
∂

∂u1
(h2h3f1) +

∂

∂u2
(h3h1f2) +

∂

∂u3
(h1h2f3)

]
旋度

∇× f =
1

h1h2h3

∣∣∣∣∣∣∣∣
h1e1 h2e2 h3e3

∂
∂u1

∂
∂u2

∂
∂u3

h1f1 h2f2 h3f3

∣∣∣∣∣∣∣∣
拉普拉斯算符

∇2ψ =
1

h1h2h3

[
∂

∂u1

(
h2h3
h1

∂ψ

∂u1

)
+

∂

∂u2

(
h3h1
h2

∂ψ

∂u2

)
+

∂

∂u3

(
h1h2
h3

∂ψ

∂u3

)]
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3.2 柱坐标系

∇ψ =
∂ψ

∂r
er +

1

r

∂ψ

∂φ
eφ +

∂ψ

∂z
ez

∇ · f =
1

r

∂

∂r
(rfr) +

1

r

∂fφ
∂φ

+
∂fz
∂z

∇× f =

(
1

r

∂fz
∂φ

− ∂fφ
∂z

)
er +

(
∂fr
∂z

− ∂fz
∂r

)
eφ +

[
1

r

∂

∂r
(rfφ)−

1

r

∂fr
∂φ

]
ez

∇2ψ =
1

r

∂

∂r

(
r
∂ψ

∂r

)
+

1

r2
∂2ψ

∂φ2
+
∂2ψ

∂z2

3.3 球坐标系

∇ψ =
∂ψ

∂r
er +

1

r

∂ψ

∂θ
eθ +

1

r sin θ
∂ψ

∂φ
eφ

∇ · f =
1

r2
∂

∂r

(
r2fr

)
+

1

r sin θ
∂

∂θ
(sin θfθ) +

1

r sin θ
∂fφ
∂φ

∇× f =
1

r sin θ

[
∂

∂θ
(sin θfφ)−

∂fθ
∂φ

]
er +

1

r

[
1

sin θ
∂fr
∂φ

− ∂

∂r
(rfφ)

]
eθ +

1

r

[
∂

∂r
(rfθ)−

∂fr
∂θ

]
eφ

∇2ψ =
1

r2
∂

∂r

(
r2
∂ψ

∂r

)
+

1

r2 sin θ
∂

∂θ

(
sin θ∂ψ

∂θ

)
+

1

r2 sin2 θ

∂2ψ

∂φ2

4 矢量分析

a · (b× c) = b · (c× a) = c · (a× b)

c× (a× b) = (c · b)a− (c · a)b

∇(φψ) = φ∇ψ + ψ∇φ

∇ · (φf) = (∇φ) · f + φ∇ · f

∇× (φf) = (∇φ)× f + φ∇× f

∇(f · g) = f × (∇× g) + (f · ∇)g + g × (∇× f) + (g · ∇)f

∇ · (f × g) = (∇× f) · g − f · (∇× g)

∇× (f × g) = (g · ∇)f + (∇ · g)f − (f · ∇)g − (∇ · f)g

3



常用数学公式

∇ · ∇φ = ∇2φ

∇×∇φ = 0

∇ · (∇× f) = 0

∇× (∇× f) = ∇(∇ · f)−∇2f

5 傅里叶级数

f(x) =
a0
2

+
∞∑
n=1

an cos nπx
l

+ bn sin nπx
l

其中

an =
1

l

ˆ l

−l

f(x) cos nπx
l

dx

bn =
1

l

ˆ l

−l

f(x) sin nπx
l

dx

6 积分

ˆ l

−l

cos2 nπx
l

dx = l

ˆ l

−l

sin2 nπx

l
dx = l

ˆ ∞

−∞
e−x2dx =

√
π

ˆ ∞

0

e−ax2dx =
1

2

√
π

a
(a > 0)

ˆ ∞

0

xne−axdx =
n!

an+1

ˆ π

0

sinnxdx =
1− (−1)n

nˆ π

0

x sinnxdx = −(−1)nπ

nˆ π

0

x2 sinnxdx =
2[(−1)n − 1]

n3
− (−1)nπ2

n

ˆ π

0

cosnxdx = 0

ˆ π

0

x cosnxdx =
(−1)n − 1

n2ˆ π

0

x2 cosnxdx =
(−1)n2π

n2

7 复级数

sin z =
∞∑
n=0

(−1)n
z2n+1

(2n+ 1)!
(|z| <∞)

cos z =
∞∑
n=0

(−1)n
z2n

(2n)!
(|z| <∞)

1

1− z
=

∞∑
n=0

zn (|z| < 1)

ez =
∞∑
n=0

1

n!
zn (|z| <∞)
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8 三角函数

8.1 积化和差

sinα cos β =
1

2
[sin (α + β) + sin (α− β)]

cosα sin β =
1

2
[sin (α + β)− sin (α− β)]

cosα cos β =
1

2
[cos (α + β) + cos (α− β)]

sinα sin β = −1

2
[cos (α + β)− cos (α− β)]

8.2 和差化积

sinα + sin β = 2 sin α + β

2
cos α− β

2

sinα− sin β = 2 cos α + β

2
sin α− β

2

cosα + cos β = 2 cos α + β

2
cos α− β

2

cosα− cos β = −2 sin α + β

2
sin α− β

2

8.3 和差角公式

sin (α + β) = sinα cos β + cosα sin β

sin (α− β) = sinα cos β − cosα sin β

cos (α + β) = cosα cos β − sinα sin β

cos (α− β) = cosα cos β + sinα sin β

9 其他

在球坐标系中

∇ ·
(

1

r2
er

)
= 0

∇1

r
= − 1

r2
er

∇21

r
= −4πδ(r)
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